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In this paper, it is proved that the binary Goppa codes with L = GF(2 m) and 
G(z )= z2+ z +f l  are quasi-perfect when m is odd and are nearly-quasi-perfect 
when m is even. In particular, it is shown that for any syndrome, except he case 
where m is even and the syndrome terms are s I = 0 and s 3 = 1, the corresponding 
coset is of weight 43. For the exceptional case, it is shown that the corresponding 
coset is of weight 4. The results thus complement to a large extent hose previously 
reported by Moreno. Furthermore, the proofs given are constructive and offer a 
method of complete decoding of such Goppa codes. © 1984 Academic Press, Inc. 
I. INTRODUCTION 
As perfect codes are known to be scarce, there has been much effort 
directed to the investigation of nearly-perfect odes and quasi-perfect odes 
(MacWilliams and Sloane, 1977). Early in 1960, Gorenstein, Peterson, and 
Zierler (1960) showed that all double-error-correcting primitive binary BCH 
codes are quasi-perfect. More recently, Moreno (1981) proved that, when m 
is odd, the binary Goppa codes with parameters (2 m, 2 m-  2m, 5) are also 
quasi-perfect. In this paper, we present results of an investigation of all 
double-errgr-correcting binary Goppa codes with location set L = GF(2 m) 
and Goppa polynomial G(z)= Z2-] - Z ~-fl, where G(z) is irreducible over 
GF(2m). In particular, we prove that, for any syndrome, except the case 
where m is even and the syndrome terms are Sl =0 and s3= 1, the 
* A summary of this paper was presented at the 1983 IEEE International Symposium on 
Information Theory, St. Jovite, Quebec, Canada. 
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corresponding coset is of weight ~<3. When m is even, the coset 
corresponding to s~ = 0 and s 3 = 1 is shown to be of weight 4. The results 
thus complement to a large extent those obtained by Moreno. Furthermore, 
the proofs given are constructive, leading to procedures for finding a 
minimum weight coset element and thus offer a method of complete decoding 
of such Goppa codes. 
II. PRELIMINARIES 
Referring to MacWilliams and Sloane (1977), we know that any quadratic 
polynomial az 2 + bz + c over GF(2 m) is irreducible over GF(2 m) if and only 
if tr(ac/b2)= 1, where t r (x )= ~m--01x2t is the trace of x in GF(2m). 
Equivalently, we say that the quadratic equation az 2 +bz +c=0 has 
solutions in GF(2 m) if and only if tr(ac/b 2) = 0. Next we note that a Goppa 
code with L = {a~, a~ ..... a '}  = GF(2 m) and G(z) : Z 2 ÷ bz + c with 
tr(e/b 2) = 1 is equivalent to a Goppa code with L = {a I , a 2 ..... a,} = GF(2 m) 
and G(z) = z 2 + z + fl with tr(fl) = 1 through the substitution of a[ by ba i for 
i = 1, 2,..., n and of c/b 2 by ft. Thus, we need and shall consider, in the 
following, only Goppa codes with L = GF(2 m) and G(z)= zZ+ z +fl with 
tr(fl) = 1. For such Goppa codes, one form of the parity check matrix is 
H= 
1 1 ,] 
2÷al÷ fl a~+a2+ fl 2 al an + a n + fl 
a 1 a 2 a n 
2+q1+ fl 2 2 al a2 + a2 +f l  an +a~ +f l  
(1) 
Let r = (rl, r 2 ..... rn) be a binary n-tuple. The syndrome associated with r is 
then 
S = rH T 
= [SIS3], (2) 
where 
n 
S I= Y 2 ri 
i=l ai  -]- a i~-/~ 
and 
r~ct i 
S 3 : 
i=1 a2+ai+f l  
If s is zero, namely, s 1=0 and s a=0,  then r is a codeword and the 
corresponding coset leader is of weight zero. If s is nonzero, then there exists 
a coset leader e = (el, e2 ..... en) of weight/>1 such that eHr= s. Let e be of 
weight t with nonzero components at locations aj,, aj2,..., ajt. Let x~ = a b for 
j = 1, 2,.., t. Then we have 
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t 1 t xj 
2 -s  1 and ~,  2+x j+f l  j=l X) "~-Xj"[-fl =3'  3 . (3) j=l xj 
We also note that for cases where both s I and s 3 are nonzero, substituting 
xj by xj  + s3/s a and fl by fl' + s3/s 1 + (s3/sl) z transforms (3) to 
t 1 t Xj 
Z ,2..[_XjAr_fl,--Sl and j~l ,2 , f l , - -0 .  (4) j :  l Xj .= Xj ~t- X) "Jl~ 
Also tr(fl') = t ry )  = 1 since tr(s3/sl) = tr((s3/sl)2). Therefore, for purpose of 
determining the existence of solutions for the xfs,  we need only consider 
Eq. (3) for cases where only one of the syndrome terms is nonzero. In the 
following section, we shall" prove that given any syndrome with 
Sl, s3 E GF(2m), except the case Sl = 0 and s3 = 1, Eq. (3) has solutions for 
x l ,  x2,..., x t for t ~< 3 while for s I = 0 and s3 = 1, Eq. (3) has solutions for 
Xl ,X2, . . . ,x  t for t=2 i fm is odd and t=4 i fm is even. 
I I I .  QUAs i -PERFECT PROPERTY 
Since the Goppa codes considered have minimum distance 5 and can 
correct all single and double errors, it is known that all vectors e of weight 1 
and 2 are coset leaders. To show that the codes defined are quasi-perfect, we 
must prove that when the nonzero syndromes are not associated with coset 
leaders of weight 1 or 2, Eq. (3) has solutions for Xl, x 2,..., x t in L = GF(2 m) 
for t=3.  
It is easily seen from (3) that, when t = 1, sl is necessarily nonzero and 
xl  = s3/s I and then we must have (s3/s~) 2 + (s3/sl) + fl = 1 Is  1. When t = 2 
we have from (3), 
1 
X2 Av XI _~ ~ ~ X~ ~_ X2 Av fl 
X 1 X 2 
X~ Ar Xx _~ ~ -] X~ .~_ X2 ~_ ~ 
Let Yi = x~ + x i + fl for i = 1, 2. Then 
= Y l  
- -S  1 
- -3 '3 .  
= s 3 + sl + 
_ s3 Y2 +xz  
s~ Y2 + 1 " 
(5) 
(6) 
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Substituting (6) into x~ + xl + fl = 1/(s1 + l/Y2), we obtain 
S ly2+I  / + +f l  \slY2+ 1 / Sl Y2 "JV 1 
which simplifies to 
(S]-~ S3S 1 -~ S 1 ~- ~s~)y 2+8 3 "q'- SlX2 = 0. 
Since Y2 = x~ + x 2 + fl, we obtain 
(s~ + s~s~ + s, + fls~) x~ + (s~ + s~s, + fls~) x~ 
+ (s~+s3sl +sl  +fls~)f l+s3=O 
We consider two cases: 
Case 1. s~ 4= O, s3 = O. We have 
(s 1 ~- fls~) x~ ~- (t~s~) x2 -~ fl(s I Av fls~)= 0 (6a) 
which has solutions for x 2 in GF(2 m) if and only if 
(fl(81 ~- flS~) 2 1 + j~) 
Since tr( f l )= 1, we must have tr(1/fls~)= 1. 
Case 2. s l = O, s 3 ¢ O. We have 
s3x~2  + s~x~ + (s~/~ + s~) = 0. (6b) 
Since s3 4: 0, we have x~ + x2 + (fl + 1/s3) = 0 which has solution in GF(2 m) 
if and only if 
tr(fl + 1/s3) = O. 
Thus tr (1/s3)= 1 since tr( f l )= 1. 
We summarize the above results in the following theorem which gives the 
necessary conditions on the syndrome for the corresponding coset to be of 
weight 3. 
THEOREM 1. For Goppa codes with G(z) = z 2 + z + fl, where tr(fl) = 1. 
I f  (s3/sl) 2 + (s3/s 0 + flva 1/s 1 when s 1 4: O, and furthermore tr(1/fls~)= 0
when s~ 4:0 and s 3 = 0, and tr(1/s3) = 0 when s I = 0 and s 3 4: 0, then the 
corresponding coset must be of  weight >/3. 
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We next prove two theorems to show that these necessary conditions with 
one exception are also sufficient for the corresponding coset to be of 
weight 3. To this end, we first present a few lemmas. 
Let a be a primitive element of GF(2m). Let 
For j = 0, 1, let 
and 
F= {atl l~ i~2a-2}=GF(2m)-{O,  1}. 
F i=  {a~la t EFandt r (a  i )= j}  
F~ = {x lx  C GF(2 m) and tr(x) =j}.  
Then F~ = F o U{0} and F~ = FU{ 1 } when m is odd and F~ = F o U{0, 1 } and 
F~ = F 1 when m is odd. Let I SI denote the cardinality of S. Then we have 
IVy[ = IF01 + 1, IV~]--- [FI] + 1 when m is odd 
and (7) 
IF~] = IF0[ + 2, lEVi = IFll when m is even. 
LEMMA 1. IF0[ = [Fll when m is odd and IF0[ + 2 = IF1[ when m is even. 
Proof. Let a a be some fixed element in F 1. Define a mapping ¢ on 
GF(2 m) such that for any x E GF(2m), (~(x) = a a - x. Then 
tr(x) + tr(¢(x)) = tr(a ~) = 1. 
Hence x and ~(x) have different traces and ~ is a permutation on GF(2m). 
Thus [FSI = [F~I and Lemma 1 follows from (7). Q.E.D. 
LEMMA 2. For any A E F, there exist 0 l, 0 2 E FI such that 
A = 0102. (8) 
Proof. If A C F 1, we can take 01 = 0 2 = A 1/2 since 
tr(A 1/2) = tr(A) = 1. 
For A E F0, Lemma 2 is also true. Suppose not, then for every 01 E F1, its 
image 02 viewed through the mapping (~:01-,Oz=A/O 1 is in F 0. This 
mapping is a one-to-one correspondence. However, 02 :/: A since 01 ¢ 1. Thus 
the cardinality of the range of the mapping is at most IFol -1.  But 
]Ell > IF01- 1 by Lemma 1. Then ~ cannot be a one-to-one correspondence 
between 01 E F 1 and 02 E F o - {A }, which is a contradiction. Q.E.D. 
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LEMMA 3. For any s ~ F, there exist 01 , 02 C F 1 such that 
(1 + s)/s 4 = 0102. (9) 
Proof Since s 4= 1, then (1 + s)/s 4 4= O. If (1 + s)/s 4 4= 1 then Lemma 3 
follows from Lemma 2. If (1 + s)/s 4 = 1 then s 4 + s = 1. Since tr(s 4) = tr(sl), 
we have tr(1) = 0. Hence m is even. By Lemma 1, IFll = IF01 + 2. Since (9) 
defines a one-to-one correspondence b tween 01 and 02, there must be a pair 
of 01,02 E F 1 satisfying (9). Q.E.D. 
LEMMA 4. I f  it is known that the equation 
A/O 1 + B/O 2 = 1, (10) 
where A 4:0 and B 4: O, has two solutions t, la(i), 0~2 i~ (i = 1, 2) such that 
tr(0~ i) + 0~ i)) = 1, then there exist 01 E F;, 0 z E F~ satisfying (10). 
Proof Apparently 01 4:0 and 02 4= 0. Also since A 4= 0, B =g 0, then 
01 ~ A and 02 4: B. Thus (10) defines a one-to-one correspondence O between 
01C GF(2 m) - {0,A} and 02 C GF(2 m) - {0, B}. 
Assume that Lemma 4 were not true, then we would have 0];)~ Ff and 
0~ i)E F; for both i = 1 and 2 and furthermore, the images of the elements of 
F~-  {0,A} would all be in F ; -  {0, B}. However, by assuming that 0~ 1), 0~ 2) 
are both in F/~ but are images of 0] 1), 0] 2) which are in F~, the images of 
elements of F; - {0, A } under ¢ could only be in F~ - {0, B, 0~ 1), 0~ 2) }. It is 
easily seen that 
tG-  {0,A}I ~ IG I -2  (with equality when A CFo) 
and 
Then 
[F/~ I- 1/> IF6 - {0, B}[ (with equality when B E Fo). 
IF~ - {0, A }l ~ IF6[ - 2 > IF6[ - 3 ~ IF~ - {0, B, 0(21), 0~2)}1 
which is a contradiction to the fact that ~ is a one-to-one correspondence. 
Q.E.D. 
LEMMA 5. tr(pq/(1 +p)2) = tr(q + q2/(1 +p)2). 
Proof Since 
pq (q + q2) + q(1 +p)  + q2 
(1 +p)2 (1 +p)2 
643/61/2 5
13 8 FENG AND TZENG 
then 
tr ((1 pq 2 +--p-~] + tr (1 -~)+tr  ( (1@))  
But 
q 2 
tr Q.E.D. 
We are now ready to prove the next two theorems. This amounts to 
showing that, for the syndrome conditions given, there exist x 1 , x 2, and x 3 in 
GF(2 m) satisfying 
3 1 
22 j=lXj ~l-Xj~-fl -S1 
(11) 
3 
~ " 2 Xj --$3" 
i=~l xj + xj + B 
We shall prove this by actually solving for the unknowns and thus shall also 
obtain a procedure for the complete decoding of such Goppa codes. As 
might be expected, this process of solving simultaneous equations is 
somewhat complicated. However, it will be seen that the logic steps are quite 
straightforward. 
As a first step we shall eliminate x3 and obtain an equation in x I and x 2 
only. Let Yi = x~ + fl for i = 1, 2. Then (11) becomes 
1 1 1 
- -+- -  (12) 
X~ -[- X 3 -~- ~ -- $1 -~ Yl Y2 
and 
X 3 X 1 + XZ. (13) 
X] q-x3-t-fl --S3 q-Y7 Y2 
Dividing (13) by (12), we have 
( Xl / / ( 1 1 )  
X3 ~--- S3 -~- -  71- X2 Sl + + . (14) 
Y~ Y2/ /  
(14) into (12) and noting that x~+xi+f l=y i ,  y ly2=0,  we Substituting 
obtain 
(s~ + s3s 1 + s 1 + s~fl) Yl Y2 + s3(Yl + Y2) 
+ sl(xl YE + Xz YI) + Xl -[- X2 = 0. (15) 
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The problem is now reduced to showing that (15)has solutions for x 1, x 2 
in GF(2m). This will serve as the starting point in the proofs of the next two 
theorems. 
THEOREM 2. I f  s 1 4= O, lift, s 3 = 0 and tr(1/fls~) = O, then the 
corresponding eoset is of weight 3. 
Proof. By Theorem 1, the corresponding coset must be of weight/>3. We 
now show that this weight is equal to 3. With s 3 = 0, Eq. (15) reduces to 
(S 1 + S~/3) Yl Y2 + Sl(X, Y2 + x2 Yl) + Xl -[- X2 = O. (16) 
Since Y2 = x~ + x2 +/3, we have 
(yl/3S~ +SlX 1 +YlS l )  X~ + (1 + ylflS~ + S1Xl) X 2 
+ (/3(ya/3s~ + SlXl) +/3yls1 + Xl) = 0. (17) 
To facilitate writing, let p =y~/3s~ + SlXl, (17) becomes 
(p +YlS1)X~ n t- (1 +p)x  2 +p(fl + l/s1)~--- 0, (18) 
which has solution for x2 in GF(2 m) if and only if 
namely 
By Lemma 5, 
We have 
tr(  (p+ ylsl)p(fl+ +p)2 =0,  
fl +PYl pxl 
tr /3+ (1 +p)~ ~- (1+p)2]  =0. 
tr ( (l +p)2) =tr ( (l +p)2 ]" 
tr x +xl+ +pyl) 
(1 +p)Z =tr( f l+ yl+py~) (1 +p)2 
=tr  ( f l+ Y -~p)  
Yl 
=t r  ( f l+ l + sl~ll-+ ylflS~ ) 
~0.  
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1 + S1X 1 
O1 = fls~(ylflS ~ + SaX 1 + 1)" (19) 
Then tr(fl + 1/fls~ + 01) = 0. Since tr(fl) = 1 and by assumption tr(1/fls~) --- 0, 
we have tr(0 0 = 1. From (19), 
1 ( 1 +siX1 ) 
Yl = N O1J~S] ~- 1 + S lX  1 
=~212 +s l  x l+ l+ . 
Since Yl = X~ + X 1 + fl, we obtain quadratic equation in Xl, 
(1 1) (1 1) 
x~ + 1 +~-~-a + ~  X 1 -~ ~-~12 "~-~ :0  
which has solution for x~ in GF(2 m) if and only if 
f l+ 1/fls~+ 1/flZs~01 ) 
tr (1 + lifts 1+ 1/fl2s~01) 2 =0,  
namely 
( ) ( t tr (1 + lifts1+ 1/flZS~Ol) 2 +tr  (1 + lifts1+ 1/fl2s~O0 2- =0. 
By Lemma 5, the second term equals 
Thus 
1/~1 + l/s~ ) 
tr (1+ l i f ts  1+ 1~tiEs]O,)  z " 
fl+ 1/81+ 1/82 ) 
tr (1 + 1/fls 1 + 1/flZs]01) 2 =0" 
Call the expression in the bracket 0~, thus tr(OZo)= O; then 
~1/2 _~_ 1/sl/2 + 1/sl 
O° = 1 + lifts 1 + 1/f12S~01 
and tr(0o)= tr(0o z) = 0. From (21), we obtain 
fll/2 + 1/Sl/2 + 1/sl 1/fl2s~ 1 
~-- - -1+- -  
Oo 01 3sl " 
(20) 
(21) 
(22) 
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The problem now is whether there are solutions for 00 and 01 with 
tr(00) = 0 and tr(01)= 1 satisfying (22). Set 
f l /2 At_ 1/S11/2 + 1/S1 1/fZS~ 
0 -J- (fl/2 ~_ 1/S11/2 + l/S1 + 1/fS~) + 0 
1 
= 1 + -  (23) 
fsl 
This is a quadratic equation in 0 and the coefficient of 0 is 
1/fsl(fll/2+ 1/s~/2) which is nonzero since s 1 4:0, f : / :  0, and s 1 4: l/ft. Thus 
(23) has two distinct roots. Clearly, 1/fs~ is a root and there is another oot 
O* E GF(2m). Therefore (22) has two solutions, 
t?~l) =fll/2 + 1/s,/2 + l/s1 ' 
and 
Since 
that 
(1 ) -  1/fs~, 1 - -  
0~o2) = 0* + (fll/2 + i/s,/2 + l/s, + 1/fls~), O~ z) = 0". 
t r ( f l l /2)=tr( f l )= I, tr(1/sl/2)=tr(1/Sl), and tr(1/fls~)=O, we see 
tr(0~0 ")  = 1, tr(0~') = 0, tr(0~ z)) = tr(0*) + 1 = tr(0] z)) + 1. Hence 
tr(0(0i)+ 0~i))= 1 for both i=  1,2. By Lemma4, there exist 00 C F;  and 
01 E F~, namely with tr(00) = 0 and tr(01) = i, satisfying Eq. (22). Q.E.D. 
From the above proof, it is clear that, given s I and s 3 satisfying the 
conditions of Theorem 2, the procedure to determine x 1 , x 2, and x 3 is to first 
determine 00 and 01 from Eq. (22), then find x 1 from Eq. (20). For each xl ,  
we can find x 2 from Eq. (18). Finally, for each pair of Xl and x 2, we can 
determine x 3 from Eq. (14). With this procedure, we can obtain all solutions 
satisfying Eq. (11). 
THEOREM 3. I f  s I ~- O, S 3 :~ O, 1, and tr(1/s3) = 0, then the corresponding 
coset is of weight 3. 
Proof By Theorem 1, the corresponding coset must be of weight >~3. We 
now show that this weight is equal to 3. With s 1 = 0, Eq. (15) reduces to 
or  
s~ Yl Y2 + s3(Yl + YE) + x,xz = 0 (24) 
(y ,+ l / s3) (y  2+ l/s3 )+ 1 ( l+x  1+x2)=0.  
$3 
Let q = y + 1/s 3 , we have 
1 
q(x~+x2+f l+ 1/s3) +-~- (1 +X 1 +X2)= O, 
$3 
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x2+ 1+ x2+ f l+- -+ - -  =0 
s 3 qs~ ] 
which has solution for x 2 in GF(2 m) if and only if 
tr ( (qs~)2(fl +(ll/s3)+qs~(l+ qs~) z + xl)) =0, 
namely 
1 ~ + 1Is 3 (1 + x 0 qs~] 
tr f l+- -q  I- =0. '$'3 (1 + qs~): ?1 5r~ ] 
Since tr(fl)= I, tr(1/s3)= O. We have, by applying Lemma 5 repeatedly, 
Let 
+ l/s3 + xl + xl tr (1 +qs~) 2
( (1/s~)(qs~) 
=tr  ( l+qs~) z
2 4 (1/s3_+_ l/s~3'~ 
=tr  I (1 +qs~) 2] 
~---1. 
1/s, + 1/s] 
1 + qs~ -- 01' then tr(O0 = tr(O]) = 1 
and q + 1/sZ3 + (1 + s3)/s301 = 0 or 
( 1 1 1+S3~ 
which has solution for x 1 in GF(2 m) if and only if 
,6 1 1 1 +s3 '  ~ 
tr +~-3 +-~-32+ s~01 ]=0 or  
{1 +s3' ~ 
tr ! = 1. 
Let (1 + s3)/s~O 1 = 02, then tr (02)= 1 and 
1 +s  3 
4 - 0102. 
S3 
(25) 
(26) 
(27) 
(28) 
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The problem now reduces to whether there are solutions for 01 and 0 z with 
tr(01) = tr(02)= 1 satisfying (27). Since s3 4= 0, 1, by Lernma 3, there exist 
0~, 02 G F a satisfying (27). Q.E.D. 
From the above proof, it is clear that, given s I and s 3 satisfying the 
conditions of Theorem 3, the procedure to determine xl,  x 2, and x3 is to first 
determine 0t and 0 z from Eq. (28), then find x t from Eq. (27). For each x~, 
we can find x 2 from Eq. (25). Finally, for each pair of x a and x2, we can 
determine x3 from Eq. (14). 
Notice the exception in Theorem 3 that we must have s 3 ¢ 1 when sl = 0. 
When s~ = 0 and s 3 = 1 and m is odd, we have tr(1/s3)= 1 which satisfies 
the condition for t=  2 according to Theorem i. The case where st = 0, 
s 3 = 1, and m is even is examined next. 
THEOREM 4. I f  S~ = O, S 3 = 1, and m is even, then the corresponding 
eoset is of weight 4. 
Proof Since t r (1 /s3)=t r (1 )=0 when m is even, by Theorem 1, the 
corresponding coset must be of weight/>3. If this weight is 3, then referring 
to Eq (26), we must have tr(01) = 1. However, when s 3 = 1, we have 0~ = 0 
and thus tr(0~) = 0. Therefore, the weight must be greater than 3. 
Now we assume that this weight is 4, namely there exist x~, x2, x3, and x 4 
in GF(2 m) such that 
4 1 4 
V'  - -  0 and S ~ xj - 1. (29) 2 j= lx j  +x i+/~ i= ,x~+xJ+/~ 
By Lemma 1, we know that when m is even, IFlt = IF0[ + 2, namely, among 
the elements of F there are two more elements with trace equal to 1 than 
those with trace equal to zero. Since for all x,y E F, the mapping O:x~y 
such that 1Ix + 1/y = 1 is a permutation of F, there must be two elements 
u, v C F~ such that 1/u + 1Iv = 1. Apparently, (29) is satisfied by letting 
+x,  = +x2 +p=u 
and (30) 
+x3 +x,  
since (30) also implies 
since tr(fl + u) = tr(fl) + tr(u) = 1 + 1 = 0 
1 + 1 = 0, the equations 
xZ+xi+( /3+u)=O,  i=  1,2, 
and 
x J+x~+q3+v)=O j=  3,4, 
have solutions for xl, x2, x3, and x 4, respectively in GF(2m). 
that xi + x2 = 1 and x 3 + x 4 = 1. On the other hand, 
and tr(fl + v) = tr(fl) + tr(v) = 
(30a) 
(30b) 
Q.E.D. 
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IV. COMPLETE DECODING 
In the proofs of the previous theorems, the existence of solution for 
Xa, xz,..., x t are shown by actually solving for the xfs. This offers a method 
of complete decoding of such Goppa codes. The decoding procedure can be 
formulated as follows: 
(1) If  Sx = 0 and s 3 = 0, then there are no errors. 
(2) If  S15/=0 and ($3 /$1)2"~- (83 /S1) -~- f l=1/S1 ,  then t= l  and 
X 1 ~ 83 /S  1 • 
(3a) If sa¢  0, s 3 = 0, and tr(1/fls~)= 1, then two errors occurred. 
First find x 2 from Eq. (6a), then x I from Eq. (6). 
(3b) If  s~ = 0, s 3 4= 0, and tr (1/s3)  = 1, then two errors occurred. First 
find x 2 from Eq. (6b), then x~ from Eq. (6). 
(4a) I f  s14=0, lift, s3=0,  and tr(1/fls~)=O, then three errors 
occurred. First determine 0 o, 02 from Eq. (22), then find x I from Eq. (20), 
then x 2 from Eq. (18), and finally x 3 from Eq. (14). 
(4b) If  sa = 0, s 3 ¢ 0, 1, and tr(1/s3) = 0, then three errors occurred. 
First determine 01, 02 from Eq. (28), then find x~ from Eq. (27), then x 2 from 
Eq. (25), and finally x 3 from Eq. (14). 
(5) If  s l=0,  s 3= 1, and m is even, then 4 errors occurred. First 
determine u, v such that 1/u + 1Iv = 1 and tr(u) = tr(v) = 1. Then find x~, 
x 2 from Eq. (30a) and x 3, x 4 from Eq. (30b). 
We illustrate this procedure with the following examples. 
EXAMPLE 1. Let a be a primitive element of GF(24) and a 4 + a + 1 = 0. 
For f l=  a 3, s~ = a, and s 3 = 0, the conditions of (4a) are satisfied since 
s14= lift and tr(1/fls~)=tr(al°)=O. Also t r ( f l )=t r (a3)= 1 as required. 
Equation (22) becomes 
a 3 a 6 
- -  ~-= 00 + a12 
We determine that 0o=Ct  14, O~=a is a pair of solutions satisfying 
tr(00) = 0 and tr(01) = 1. Substituting this solution in Eq. (20), we obtain 
X~+a2Xl  +a 4 =0 
which has a 7 and a az as roots. Substituting x 1 = a 7 in Eq. (18), we obtain 
aTx~ + ct~3x2 + a 6 = 0 
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which has a s and a 9 as roots. For x l=a  7 and x 2= a 9, we obtain, from 
Eq. (14), x 3 - -a  5. 
EXAMPLE 2. Let a be a primitive element of GF(25) and 
Ct 5 -}- a 2 ~- 1 = 0. For fl = a 3, s 1 = 0, and s 3 = a, the conditions of (4b) are 
satisfied since t r (1/s3)=tr(a14)=O. Also t r ( f l )=t r (aa)= 1 as required. 
Equation (28) becomes 
01 0 2 ~ a 14. 
We determine that 01 =a 3, 02=a t l  is a pair of solutions satisfying 
tr(0 0 = tr(02)= 1. Substituting 01 = a 3 into Eq. (27), we obtain 
x~ + Xl + a 7 = 0 
which has a 2 and a s as roots. Substituting x 1 = 12 2 into Eq. (25), we obtain 
x~ + a3°x 2 + a 23 =0 
which has a 8 and a 15 as  roots. For x 1 = a 2 and x 2 = a 8, we obtain, from 
Eq. (14), x3=a 15. 
V. SUMMARY AND CONCLUSION 
In the previous sections, we have treated all double-error-correcting Goppa 
codes with L = GF(2 m) and G(z)=z  2 +z  +f l  which is irreducible over 
GF(2 m) for both odd and even values of m. We have proved that, when the 
nonzero syndromes are not associated with coset leaders of weight 1 or 2, 
the corresponding cosets are of weight 3 except one case for even values of m 
where the corresponding coset is shown to be of weight 4. Thus, we have 
also proved that, for odd values of m, these codes are quasi-perfect but, in 
addition, we have shown that, for even values of m, these codes are nearly 
quasi-perfect. Furthermore, we have derived, from the proof given, a 
complete decoding procedure for these codes and have illustrated the 
procedure with two examples. Goppa codes with L - -GF(2  m) and G(z )= 
z 2 + bz + c are shown to be equivalent to the codes studied and therefore are 
subject to the same conclusion. 
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